Chapter 2 = Complex Variable
CHAPTER 2

COMPLEX VARIABLES

1. COMPLEX FUNCTIONSH
This chapter focuses primarily on very basic functions, their repre-

R

entations, and properties associated with functions such as limits

4

and continuity.

A complex - valued function f of the complex variable z is a rule
that assigns to each complex number z in a set D one and only
one complex number w. We write w = f(z) and call w the image
of z under £ A simple example of a complex-valued function is
given by the formula

w= {z) =z,

2m DOMAIN AND RANGE

DEFINITION 1»
" The set D is called the domain of f, and the set of all images

{w=1f(z):ze D} is called the range of f."

We can define the domain to be any set that makes sense for a
given rule, so for w = f(z) = z*, we could have the ent;re complex
plane for the domain D, or we might artificially restrict the domain

to some set such as D ={z :Iz I<1}. Determining the range for a

functuon defined by a formula is not always easy, but we will see
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EXAMPLE 1>

Write f{z) = z° in the form (z) = u(x , y) +j v(x , y).
SOLUTION

fz) =z° =(x+jy) = (x"y) +j(2xy)

=u(x,y) +jv(x,¥)

Equanng real and imaginary parts we get

u(x, V) =x-y, v(x,y)=2xy

EXAMPLE 2>
Express the function f (z)=7Re(z)+z*+Im(z),in tt.: form

o) =ux, ) +jv(x,y)

SOLUTION.
Using the elementary properties of complex numbers, it follows
that
F@E)=G=—p)@)+&x+jy)+ ()
=(2x =y +y)+jxy)=ulx,y)+jv(x,v)
so that
uxy)=2x-y*+y , v(x,y)=xy.
Examples 1 and 2 show how to find u(x , y) and v(x , y) when a
rule for computing f is given. Conversely, if u(x, y) and v(x , y)
are two real - valued functions of the real variables x and y, they

determine a complex- valued function

f(z)=u(x,y)+jv(x,y),

_20 .
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AR FORMP

3m THE POL
in the expression of a complex fungy,
l(,r"

Using z =1 e
may be convenient. It gives us the polar representation

) = L(\ 0)"' \.( rs(‘) (2)
where U and V are real functions of the real variables r a4

REMARK 1M
on . the functions U and V defined above ,

b a vy -

For a given funca
Ziferent from those used previously in
oy =Rx+iv) =u(x,y)+iv(x,y)

3ok used Cartesian coordinates instead of polar coordinates.

EXAMPLE 4>

Express (2) = z* in polar form.

SOLUTION.
lar form, we get

> _ 12 (cos 28+ j sin26)

_"t:)=(re’a)
—r2cos20+ j risin28=U (r,)+jV (r,6)

1

- oa
r aC

n',

-

&om which we find

— s

. 2 .
L'rr,6/1=r’cos”.v.6? and V(r,9)=r~sm28

REMARK 2p0
Once we have defined u and v for a function f in Car
form, we must use different symbols if we want to express [

, the functions Y ar

lar form. As is clear from Ex.1 and LEx.4
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are quite ditferent, as are v and V. Of course, if we are working

only in one context, we can use any symbols we choose.

EXAMPLE 5p

Express f{z) = z° + 4 z°- 6 in polar form.
SOLUTION

Complete the Solution............ you obtain:

U(r,0)=1°cos 50 +4r%c0s260-6
V(r,0)=r’sin50+4r2o0s26.

4@ ELEMENTARY FUNCTIONS >
(i) THE COMPLEX EXPONENTIAL FUNCTION»

Recall that the real exponential function can be represented by the

. — 1
power series e* Z~ - Thus it is only natural to define the
n=0 n!

complex exponential € also written as €xp(z), in the following
way:

exp(z) = i-nl— (3)

Clearly, this definition agrees with that of the real exponential
function when z is a real number. We now show that this complex
exponential has two of the key properties associated with its real
counterpart and verify the identity

e’ = cosd + j sin 0 .

Ifz=x+jy, wealso see that

» BT -
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X Ay

xtiy=¢" C

4

exp(z) = ¢ g
al properties of exp(z)=¢

= ¢* (cosy + jsiny)
addition
asily deduce that

an integer,

\We now explore some
rUsing identity (1.14), we can e
rovided n is

forall z, P

1_ C:":nxzcz .
2.¢'=1, if and only if z =) 2nm, where n is an integer, and
3. e =e, ifand only if =z Fj20T, for some integer

volves the periodic functions cosy an¢

ause Identity (1.14) in
ne that lie on the same vertical lin

Beca
siny, any two points in the Z pla
with their imaginary parts differing by an integral multiple of ;

ed onto the same point in the w-plane.
riodic with period 27

= are mapp
plex exponential function is p€

Thus the com

EXAMPLE 1>

=-—+J

. . 5 .(1llx
- integer n, the points Z, =7 o +2n7m |, aremappe

For any

onto z single point

SOLUTION
. 5 117
w =e" =explz, g n=—+'————+27t
; p(z,) 2 =7 J( 7 n )
11”+2n7l’):\

w =€

n

' COS(M+2llﬂ)+jSin —
6 6

W =e”“[cos(l 172/6)+ j sin(] 17:/6):]

-3«
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2. g \ {
" = ¢ =
. 5
.
= {0727 2N008) < ““.i_&;‘hx*g“!)

Let's Jook at the range of the exponential function. If z = x + | v,
: I3

we see from wdentity (4) that e " can never equal zero, as e * s

nd the conine and sine functions are never zero at the

never 070, a

same pout

Suppose, then, that w=e¢'#0,

i we write won its polar formasw = pele, identity (4) gives:
w= p¢5<‘= e'e!?

Usmng :dentty (4), we get :

W =g¢=c¢ . ¥=e+2n=x ,wherenisan integer.

Therefore. p= e* | =e¢*, and solving these equations for x and Y,
x=Ln(p)and ,y=¢@+2nn
where o aninteger. Thus, for any complex number w # 0, there
are :infnutely many complex numbers
z=x+)y , suchthat w=e"

From the previous equations, we see that the numbers z are

z=x=)y=ln(p)+j(p+2nn) (3)

where n s an integer.
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(i) THE COMPLEX LOGARITHNMP
if wis a nonzero complex number, the, th

We showed that,
- 1o/ %118
any solutions. Because yy,, :

equation w = ¢’ , has infinitely m

i a manv-to-one¢ function, its Inverse (the l“?iariri

tonflz) = ¢’

is muitivalued.

Definition 2P (Multivalued Logarithm)
we define the function Log(z) as the inverse of the

- - 3
Ao © =\

poncatal function; that s,
{og(z) =W it z=e" (6)

- ‘--- - .-
ciead aUG ;'.u\

-omplex number z # 0, the solutions w to equa:,
1¢) take the form
w=~gog(z)=Ln |z | +j6(7)

g(z)and Ln | z | denotes the natural logaritax-

the positve number |z |. The natural logarithm being used 1o :

note the logarithm in the sense of real variable theory. Be-

Lealiu

cause arg(z) is the set

ey ™

'=lArg(z) +2nn:wherenis an integer} (8)

We can cxpress the set of values comprising £og(z) as

toof 23 -
~cglz) = iln zl+ j(Arg(z) + 2nn ): where n is an integer! (6
toglz)=Ln | z| +tjarg(z) (10)

Recall that Arg (2) is def; -
&14) 15 Cefined so that for » # 0, we have

K <Arg (2) <

-34 .
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We call any onc of the values given in Identities (9) or (10) a loga-

«

rithm of
Notice that the different values ol Cog(z) all have the same real

e,

part and that their imaginary parts differ by the amount 2 n

where n is an integer.

When n = 0. we have a special situation.

DEFINITION 3» (Principal Value of the Logarithm)

= = 0. we define the principal value of the logarithm as fol-

Log(z)=Ln|z|+jArg(z)(1l)

where |z | >0 and- n <Arg(z)<m.
The domain for the function w = f(z) = Log (z)is the set of all

nonzero complex numbers in the z - plane, and its range is the ho-

rizontal strip { w: - n <Im (w) <=n } in the w-plane, and is shown

in Figure (2).
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Familiar properties of the real — variable logarithm Con,
hold but are complicated by the fact that Log(z) has mﬁn"

values. Thus , when z #0

ctof® = z | but y=z+2njmn

Log(e

aff # 0, we get:

Also. Let z = aff
Cr“g( nn) - aﬁ — CZOHU

etoEp

and hence
gog(ap) = tog(x) * gog(p)+2njm.
That is a multiple of 2rj may be required tO validate the aboy.

e | n.
L A\

e following example :

—o illustrate, consider th
—— j 1t=808('1)

'Tel
AU ass

s = cost +jsinm =-1

ceiog(l)—O,

EXAMPLE 1p
Find the values of og(1+ j)and €og ( j)

SOLUTION.
ndzrd computations, we have

o
v cra
-y R

fop(1+ ] )=Ln|l+ j|+j (Arg (1+ j)+2n7)

/) 1 ( > uf —
og i+ j)=Ln V2 + J (4 +°Il/[) n is an integern and
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Cog (j)=Ln|j|+j(Arg (j)+2nr)
. AT
tog (j)=0+J (;'*’2”7[), n is an integer.

The principal values are

T Ln?2 T
/ +j)=LnJ2+j|—|= +j|—
fog(1+j)=Ln 1(4) > 1(4),

tog (j) = J (%)

—

We now investigate some of the properties of £og(z) and Log(z).

1-exp(fogz) =z forall z#O0. (12)
and
2-Log (expz) =z , provided - n<Arg(z)<m, (13)

When z = x, where x is a positive real number, the principal val-

ue of the complex logarithm of z is
log(x +0j)=Lnx + jArg(x)=Lnx +jO0=Lnx , x>0

Hence Log x 1is an extension of the real function Ln(x) to the

complex case.
C. The Circular Functions :

They are defined as

(e’ + %) (14)

o | —

n - — I J3 o [
Sln\_—z—je - € ) " COS 7 =

-37 -
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Thev arc both analytic functons, and they satisfy Mosgy of
e,

tions satistied by the trigonometric functions sin COs U
. ' € o #
.

E 2, ) =sing cosz, £¢ 0s z, sin g,
*.i:.):cos:, 0s 2 +bm\|5mzz

z and cos z are periodic with peI'IOdlClt/ -

are some ditferences between circular functions and triggp,
Omes,

functions in the following respect |Sm .xl <1, Vx

L

|sin z| = %le“ - e"“l

- : : .1
I ¥>0, lim [sm zl = lim — ¢’ |e‘2" - 1‘=
y—oo y—e )

I y<0, lim ]sinz|= hmle”‘l~e l—oo(b)

y=r=—co y—>—
The other circular functions are defined by means of sin z ,cos:
e.g.

lanz =sin z / cos z .

The other invers '
L 1V SC » » o1yl . .
c¢rse functions are sin 2, 008’z , tan™ 2 jienn
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D. The Hyperbolic Functions :

They are defined as

sinh 2 = 71;((‘: - (":) , coshz= %(cz + c':) (16)

We can easily deduce the following relations:

sinh(jz)=/sInZ cosh(jz)=cosz

sin(jz)=Jsinh g \ cos(jz)=coshz

E. The Generalized power Function :

Let w=(logz=Logz+27mkj , z=re’.

Hence
e” =exp(Log z+27k j)

<

Consider the power function

f(z)=z"=¢€" =exp(nw) =exp(nLogr+ jné+2xkj)
(i) If n is * veinteger , there is only one value for z* , namely
2" =exp(nfog z) =exp(nLog r+ jn6) (17)

(because exponential function is periodic with period 2 )

(ii) Ifn =p/q, qis +ve , then z" has q - values , namely

z"” =exp(-/—)-ﬁog z)
! (18)

=exp(—/i[,()g r+j-p—8+j—?’—l—(—p—]£] , Kk =0,,1,2,...q -1
q q q9 .

-39 -
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2 » Find all values of (1+j)"1.
3p Find all solution of the equation sin z = 3
4 P Find all solution of the equation cash z = -2

sin2x + jsinh2x

S p Show that (i) tanz = :
cos2x + jcosh 2x

(ii) tanh z = sinh2x++ jsin2x

cosh2x+ jcos2x
6 P 1f w =u + jvisthe principal value of Ln z, identify the curves
of thefamiliesv=c,v=k.

7P If w=u+ jv=sin" z, show that the curves of the family

2 4
X ¥

u = C arethe hyperbolas ——— — = 1. What are the equation ot
. sin-C cos” C

the curves of the family v=Kk.

DERIVATIVE OF A COMPLEX FUNCTION
From elementary calculus we define the derivative of f(z) at z, ,

written f (z) by

f,(zo)zlimf(z)—f (z,) o

z g Z—Zo

provided that the limit exists. If it does, we say that the function
f(z) is differentiable at z,. If we write Az = z — z, ,then we can ex-
press Equation (1.29) in the form

b flz+AZ)=f(2,)
fzo)= fim === @

<

-41 -
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— & e ..‘ .\“ - {‘(;) . f(;l ). '!‘Cr] \«‘.‘C Can -
Y owmy ™ W ; li?n
o ¢ denvanve:
B im 2 (3)
7 N -
TYXAMPLE >
he hmit detimition to find the derivative off(z) =
SOLUTION
sing Lguanon (1), we have
(2 ~2,)"
- -~ _\n l'
f (Zy)=lim
$=3% < —:()
f ()= 1m
- < —ZO
2 i ot N o2 -2 -2 _ A2
Tz =lim(z TIH+Z)=2+2; +25 =3z
. . &£ 2
' 5% 250p the subscript on z, to obtajn T (g )y=3z% ag

® 2y careful artention to the complex value Az in Equation

! the limit must be independent of the m

2L VI.UFC Of

anner in

Aw

-
-~

- We can find two cuny

‘es that end at 2, along which

Aw o
“Proacnes disunct values, they —— does not have a limit »
Az
‘ : p , . : m . o
AZ — () and z) does not have a derivative at zo. The same
valton applies

Lo the limus in Lquations (1) and (2)

- 40
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EXAMPLE 2P
Show that the function f (2 ) =2 is nowhere differentiable.

SOLUTION.

We choose two approaches to the point z, = X + j Yo, and com-

pute limits of the difference quotients. First, we approach z, = Xo

+ j v, along a line parallel to the x axis by forcing z to be of the

form

Zo=X+]jYo.

f @)=f (z,) )
— 1
< <0

_ - Fx+jy)=f (xo+jy,)

(x+jyo)=>(xp+jyg) (x +jyo)"(xo+jy0)

f(zo)=lim

_ lim (x—{'yo)—(x —JYo)
x+iyo)=tsorvo) (X +J Y o) —(Xo+J ¥y)

_ , (x =J ¥ya)=xg=J 235)
(x+iy0)=>(xo+ivo) (X —X4)=J(¥o—Yo)

. X —X
=  hm FTF)_
(x+jyo)=(xo+ive) (X -—xo)

Next, we approach z, along a line parallel to the y axis by forcing z
tobe ofthe formz=x,+jy.

12 Z"ZO

_ lim S g+ )y)=f g+ iyo)
(X4 jy )= (xg+jvy) (xu + Jy )._.(xo + ij)

-43 -
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(X =~ ¢ \) — (X — J Vo)
= (X4 j\ 3'-!}]\4) + f’_"l)) (,\‘“ + _/. )') - ("r() + j y())

(X =J )= (X —j¥,)
- (% 'A\\l-l-artlls"_l Yo) (.t() - ) - j(y() - yO )

=]

"(," - .v())
= “Xn
(G0N )= (x4 / vy) ('\!— -«\‘0)

The limits along the two paths are different, so there is noy,
value for the right side of Equation (i). Therefore [ (z) s
aot ditferentiable at the point z, . and since z, was g,

fF()=7is nowhere differentiable.

REMARK3p

We showed that IF@Z)=¢F i continuous for a]] 5. Thus, w:

a simple €xample of a functiopn that is
differentiable nowhere. Such function

real variables.
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DEFINITION 2P (Connected Set)

An open set S is a connected set if every Pair
Of ...
J (”ﬁ(.

in S can be joined by a polygonal line

that lies entirely in S. The open set

| z| < 1 is connected and so is the

annulusl <|z| < 2.

SOHNMEY \\\\‘\
SOOI

<<_<<.

SO9VIEIANAENGRY
SIS SIS SECERTENR Y AASNNEN
ANNITHINEA S ULk

<

A

The set of all points in the plane that

\.\l)
3

donotlicon | z | =1 is an open set

SAYAASAY

which is not connected. This is be- Fig. o
cause we cannot join a point inside

the unit circle to a point outside the unit circle without cr..
unit circle. The unit circle does not belong to the set. ”
An open set that is connected is a domain. A domain togeth..
some, none or all of its boundary points is a region. A se:-
formed by taking the union of a domain and its boundar
closed region.

Finally, the set of all points z (= x + j y) such that 'y >0ist
per half plane. Similarly, for y < 0.we have the lower half I
The conditions x> 0 and x < 0 define the right half plane ar

left half plane respectively.
3 mAnalytic Functionsp

Definition 38 The complex function f(z) is analytic at the po
z, provided there issome > () » such that f(z) exists forall

zeD (
¢{Z4). In other words, f(z) must bedifferentiable not 0°

at Z( N ” 4 .
0, butalso at aj] poInts in some ¢ - neighborhood of zo.

=46 -
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If =) 1s analytic at each point

e A
in the region R, then we say ,/
0
Rz) 1s analvtic on

that
: ’ 2y
R. Again, we have a special
term 1t f{z) is analytic on the Rculuxi

X

whole complex plane. Fig. 2.3

Definition 4P (Entire Function)
"If z) 1s analytic on the whole complex plane then f(z) is said to

be entire function".

Definition 5P (Singular Points)

"Points of no analyticity for a function are called singular points.
They are important for certain applications in physics and engi-
neering".

Our definition of the derivative for complex functions is for-
mally the same as for real functions and is the natural extension
from real variables to complex variables. The basic differentiation
formulas are identical to those for real functions, and we obtain the
same rules for differentiating powers, sums, products, quotients,
and compositions of functions.

4 @The Rules for Differentiation P>

The rules for differentiating functions of a real variable apply

equally well for obtaining the derivative of a function of a complex
variable. Suppose that f(z) and g(z) are differentiable. Some well-

known derivatives are

o
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[ V(” lab
1p»—C =0, where Cisa covistant,
d i n= n-1 vher .
—Z =nI ,where n is itive
) = IS a positive Mtep

3 »ii—lC.f‘ ()]=Cf (),

ag

4 h%tr‘ ()+8@)]=f"2)+g'(z),

ShL1F @@= (g +eEY ),

é>§ H\,]zg(:)f (z)—fgz)g (z)
dz g(2) [(2)]

, &£(z)=0

d g -
T» —I =—7, 2#0, nisa positive integer,
A~ -

g ——[F (]" =nlf (2)]I"'f (z) , nis a positive integer.

THEOREM 1p

If f(z) is differentiable at z, then f(z) is continuous at z,.
Proof

From Equation (1), we obtain

f'(zo)=limf(z)-f(z")
‘ £ =z,

Using the multiplicative property of limits ,we get

hm[f(v) f(z,)] = lim f(2)- f(w;)

TR 2y,

X(z-2,)

- 48 .
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‘ |: _ l):”‘
- hn.] u#

xlm(z-z,)
= 7 - N

% %
’ ¢ <

- f’(:f))xo:o
This result implies that lim f (z)=f (z,) . which is equivalent

to showing that f(z) is continuous at Zo.

THEOREM ZDLLImeLt_:ﬂ_}Jlgl_c( Without Proof).

"Assume that f(z) and g(z) are both analvtic at z,. If f{z) =0,
8(z0) =0, and g'(z) # 0, then

. f(z ath

hmf( )=‘/, ()".
=0 g(2)  g(2y)
EXAMPLE 1»

Find the derivative of w =z * from first principles .

SOLUTION
w=z' w+dw=(z+6z) =:%+22 67 +dz°
Ow =2z 87 +8z° .i=2z+57
oz
dw Ow

EXAMPLE 2p»

Show that the function fi=r"[cos(6/2)+ sin(6/2)] , is discon-

tinuous along the negatve real axis.

-49.
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SOLUTION

o a ne ,EIUVC lC(l] nlllnb“
o

limitas z — zo through the upper half-plane { . : Tm (2)

the limit as z — 2z, through the lower half-plane {z : I
lJ-

! In polar coordinates these limits are given by

im f,(re’)= lim

(r,@8)=(ry.m) 0

g 6
12 -
r [COSE*‘J Sln5j=j rin

(r.&)=(rp.X)
3
anda

' . 172 e .. 6
um f,(re’e)= lim r " cos—+ sin<|=_: .
-n" (r.8)—(ro.-7) 2 2 jr:-

As the two limits are distinct, the function f(z) is discontir.

—
7~
—

EXERCISE b Use L'Hopital's rule to find the following lir:

arti 1
particular function w = f (z) has a derivative fi(z)

This uee - . .
his usefu] tog] 15 provided by the Cauchy-Riemann equat’
SICAUCIfY -R] EMANN EQUATIONS>

dcrlvanvc It is necessary that the vake
be mdcpcndcnt of the

To have a4 unique

manner in which Az apprOaCheS

- 50 -
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cause {{#) is a function of x and v, then
et W= .“"(;).-:u + D, (5)
We have 1o establish conditions for w =f (z ) to have a derivative
atagivenpoint & =2, . Let
W=u+jo = Sw=du+ jouv

S=X+ Y = Sr=8x+ joy

.....

e o.w_“m ()11-](51)1_ lim = ou+ jov .
s L-: S:=0 1 (5: J Sx—0 5x+j6'y ( )

Sx=0

.
|

fo
{
f
r
F

x =0, followed by 8y — 0. Then from (2.6) above,

(> Su=jdv = lim {8V _ . Su _9v_.du
S oy éy=0 | Sy 3y " dy Jay

_,__c'.s_au_.ﬂ 7

T T ds d) Jay (

OR
(0)Let 6y =0, followed by Sx — 0. This gives

2) = fim [ 6u - J5v]_h.m{ﬁ 50} ou . dv

Or —l) E- OX 8x —0 5.‘.' Jé"r - B

ox JB.T

dw 8u+.av
dz odrx Jax (8)

If the results (2.7) and (2.8) are to have the same value for f'(:)

respective of the path chosen for 02 totend o zero, then

- 51 -
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du .3U=§£____j_af_‘_ )
o dax oy Ty
| ting real and imaginary parts, this gives
Equa ¢
v du
du __‘?_l_)_ and _Q_.=_.__. (10)
o  dy dx  dy

. the Cauch -Riem
Equations (10) are known as wm%

, .
order that the derivative f7(z) have a unique value Whigy,

pendent of the manner in which f(z) approaches Zero, iy
sary that the real and Imaginary parts of f(2) satisfy the o

Riemann equations.

Notep

Because Ax and Ay may ap-
proach zero independently,
then Az = Ax +J Ay may ap-
proach zero along any path,

as is indicated in 1g.4

6 BCauchy _ ReimannIn Polar F ormp

In working with functip

‘U0,®+jvu,m (11)

art and V(r, 0)is the imaginary pa’

-52.
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\ e 2 Are L Ap
» ¥ 2
Al AV ) I 2%
2| et e AP —y J — l \N#
ar Ay L adf 8 )

X Aio)
S)l=im ———
< A:

~~
-
o

L

U _a\'\“+(ab-k.av" "
ar “ar )7 e ’aeJ
e'“Ar+jre’®AQ

=

-
-
-

or the derivative to exist, it must have the same value for path
2long which A ris zero as it does for a path along which A8 zero.

o7 tac case in which A r is zero, Eq. (12) becomes:

1"

oU .oV oV QU
4 A6 -
PON-T 189) _26 ' 30 |
o Jjre’°A@ e’’ @

Forz path along which A8 is zero,

ol gV
— ——
F %% e A e OF ar .
{ (7 = —.‘7_0__..._. (ll)

€

In oréer that the two preceding equations be equal, it is necessary
that the real pans be €qual to one another and also that the imagt-

Hary pans be equal 1o one another. Equating the real part glves
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gt s -
U _12V .
or r 9@ | |
Similarly equating the imaginary parts gives
v _ 13U .
ar r 06

Equations (13) and (14) are the polar form of the Caugy,
Y-R‘;E

equations.

EXAMPLE 1P
Show that the function e*(cos y + jsin y) is analytic fing.
) it

nivatve.

SOLUTION

Let e*(cosy+ jsiny)=u+ jv
u=e cosy , v=e'siny
o e’ cos Iv x
B g === g 60
ax Yy ay Sy
av = ex Sin y au & Sin y
5. ’ _—= =
d dy

Since

Ju _9Jv av au

——=—— gl
dx dy ox ay
The function satisfies the Cauchy-Riemann equations Henc

w=J(z)=e'(cos y + jsin y) is analytic. To find 1t der

(%1 CamScanner
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‘zf o () I ')’) v 24t ol
— = (2) m—d ) —— =P COS y+ je sin Vv
d: (),\ oX

=€ (COs Yy + jsiny)=¢'e/" =’
EXAMPLE 2»
Show that the function f{z) = z°, satisfies Cauchy-Riemann equa-
S ), |
tions.

SOLUTION

U=\x —\ , V=2xy
N
i‘( = 2x ___8\ = 2x
ox ov
E;‘t" - all
— = V== —
ox oy

EXERCISE 1»

7g]

20w that the function f(z) = z°, is an analytic function.

EXAMPLE 3»
Test the analyticity of the function sin z, using C-R. equations.
SOLUTION

w=sinz=sin(x+ jy)=sinxcos(jy)+cos xsin(j y)
w=u+jv=sinz=sin(x+ jy)
=sin xcosh y + jcosxsinh y

u=sinxcoshy , v=cosxsinhy

Q)

u dv
=cosxcoshy , — =cosxcoshy
X dy

|

Q)

197
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Chapter 2 — Complex Vg rigb]
I o O —— h‘?

ou . . a"___g- :
oU _sinxsinhy —-—ar— sin xsinh y

oy

Since
QI_{- = .Q_z—)- and Q — _ai
dx 9y ox -

The function satisfies the Cauchy-Riemann ¢quation,
EXAMPLE 4P

Show that the real and imaginary parts of the funcy,
Ny

satisfv the Cauchy equations when z is not zero.

SOLUTION
,=relt=> w=log(re’®)=logr+jo

Using the polar form of C-R equations:

Using
u _1av. ov _ 19U
or r 06 "oor r 06

where for the given function U =logr , V=6
oU 1 10V 1 1

ol - ——===Xxl=—

or r rdé@ r r

BV oo L3U

or r 06

EXAMPLE 5p

Show that the functionW= f(z)= lel, is not andlf

where.
SOLUTION
ll’=f(;):3,zl=1(+jl’

(% CamScanner
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rivatives are all continuous and if @(x , y) satisfieg lel
' ACw,

_y) is called a harmonic function,
ative of Eq. (10) with respecy 15
)

tion, then (X
Taking the partial deriv
tum and then adding, BIVes:

3w QU _ g (16)

e c——— —-—

g

e e

Ay ° ()..\‘ .

I T Tt ]
\\\.\‘\.u\:u\}: :.A\C.S.

3 9N

. . o —_—=0 (17)

CX ‘:,\

e both the real and the imaginary parts u and v of 4 X
""ﬂ

¢'s differential cquation. This fact foory.

on by potential theor,

on satsfy Laplac

- -

I
Vadis s

the solution of Laplace's equati

v 92) = u(x, y) +v(x, y) be an analytic functiop.
- I ———————————— N

Then both u(x, y) and v(x ,y) are harmoni :

~ 1n other words, the real and imaginary parts of an

-

@)

.~~on are harmonic.

R
5 - ———

-

§ mCONJUGATE FUNCTIONSP

Definition 60>
2 function u(x , y) that is harmonic on the do:

£ o T
17 we nave

T ané if we can find another harmonic function v(x , y) suct

i mom2] derivatives for u and v satisfy the Cauchy-Riemar

— e e s

e throughout D. Then we say that v(x , y) is a harmoni

e m o

-te of u(x , v) It then follows that the function

-yl ..

fzy=ulx,y)+jv(x,y) is analyticon D" .
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mFurther Properties ofConjugate Functionsp
1» Ifu(x,y)and v (x,y) are conjugate functions, then the family

of curves u(x,y) = Cand the family of curves v (x , y) = C,,

intersect at right angles (orthogonal trajectories).

PROOF
The Eq. u(x , y) = C,, represents a family of curves the gradient of

such curves is given by the gradient (Slope) of the family of curves
du du d u

du = —dx +—dy =0 = m, = .._)_)_. —_—X
ox dy dx ), u,

The Eq. v (x,¥) = C;, represents a family of curves the gradient of

such curves is given by the gradient (Slope) of the family of curves

dv =£dx +8_vdy =0 = m, =[le _ v,
ox dy 2 \dx ), v,

The product of the two gradients after using Cauchy - Riemann

equations is

_(d)’] (dyj A
mm,=|—||—| = ——|| - =-1
dx J\dx b # Y,

.e. they are orthogonal. (every curve of one family intersect every

urve of the other family at right angles) .

. XAMPLE 6p
‘onsider the function f (z) = z = x + J y. Then the family u = C,

x = Cy, is a family of straight lines parallel to , Y- axis. Also, the

mily v=C, is y = C,is a family of straight lines parallel to x —

<is as shown in the F igure below.
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Chapter 2 -
B ) ’ , CO"‘FI{'I t'.c
Nah;

)
@ 3 y W=
L ! 5
- Y NS DR T slnnn
P FE - I "
T I U
' ] o —— |
- - . - — ! | L
- i -y 4 A M T ™
N . ey - ! I )
—a t '
] ' :‘\'\\\' !
e ! \‘~
L e T
4 4 i ) v e
L‘A__ A ¢ L\Nk
' .

« mmteresting to consider the application of &
T Uese

- R e T -
. g i uacuIon

EXAMPLE 7» Consider the function w = tog 2

SQOLUTION

- (r.8) =logr andV(r,68)= 0
The femily of curves U (r .0) =C,

F:_!:

o
{

=Cm=> r=e =y,

Rk epresents a f ' of '
- =8I a lamuly of concentriccircles of rad &

LLED the cOommen | - .
HmMon Center of the cireles

- 6f) -

» Which represents a famuly of &
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————— -

property ()%
The pairs of functions u and v are not chosen at random, and there

is an intimate relationship between them.
i

E XAMPLE

Show that if @(x,y) is harmonic then ¢, — J®, , is analytic
SOLUTION

If ¢(x,y)is harmonic then ¢, +¢  =0.

Q. —JP,1s analytic iff the Cauchy-Riemann equations hold.

In this case the C-R equations are

u=@, v =-9,

U, =@, V,==¢, DU, =v,—> @ =-¢

Uy =Qys» V,==@, =U,=-v, =20, =0,

The first equation is true because @(x,y ) is harmonic and the
second equation is true from the usual properties of partial deriva-

tives.

9 @ Theorem (Construction of a Conjugate) P

Let u(x,y) be harmonic in an ¢ -neighborhood of the point
(Xo, yo). Then there exists a conjugate harmonic function v(x , y)
defined in this neighborhood such that f(z) = u(x,y) +j v(x ,¥) is
an analytic function.
PROOF
A conjugate harmonic function v will satisfy the Cauchy-Riemann

quations u,(x y) = V(X , y) and u,(x,y) =- vx(x, ¥) - Assuming
-61 -
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Ch 2 - Con B

- determine what it woulq hy
A DA ‘VQ v
ocess. First, we integrate v, (, _

Mat such a function €
= » - l.

100k like by using a4 two-step P )
(x,V) ) with respect to'y and get

RA" |

4y <hould equal u

‘\\".’.t\ o
oy +C )

1'\.\._\'\:_'

sy )= [, ey )y +Ci ) .

C.(x) is a function of X alone that is yet to be determj,,.
we compute C/'(x) by differentiating both sides of .

N e &
(LI S N

~we .
-

\= with respect to x and replacing vx(x,y) With - u,(x, y) .

t/

e
~

e

B

le& side, which gives

ij-ux (x,y)dy +C/(x)
dx

x.yv)=
. d ’
—u (x,¥ )=;Jz¢x(x,y)dy +C(x)

‘1 can be shown that because u is harmonic, all terms except thos

:mvolving x in the last equation will cancel, revealing a formulaf:

—~
s v JiN

f: “involving x alone. Elementary integration of the single-variat:
:.r_':::::or. C." can then be used to discover C,. We finally obsen
':3 :rr:c fu‘r:f:tir)n v 50 created indeed has the properties we seek
The functions C(x) and v(x , y) are computed with : |
. 1 the formulas

Cilx)=||-u (x,y)==
(x) f' w, (.x.))—-(7;(.[::.‘(,\-,_\,)(1),) s

vix,y)= fll‘ (x,y )ely +C,(.r)

Technically we should always specify )
. Foming 1¢ do : '
when defining it. When no sucp SPECifica: Main of functd

(l[l()n :
™ 1S L{IV . . {
en, it is?
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(% CamScanner


https://v3.camscanner.com/user/download

Chapter 2 - Complex Variable

sumed that the domain is the entire complex plane, or the largest

set for which the expression defining the function makes sense.

EXA.NIPLE
If u(x,y)=e"siny find f (x,y)=u(x,y)+jv(x,y)

SOLUTION
The Cauchy-Riemann equations are u, =v and u, 6 =-v_

. O P - _
w(x,y)=e“siny =u, =e’siny.u =e”* cosy

u_ =e‘siny,u =-e’siny

xx

u, +u,, =—¢*“siny +e¢"siny =0

v, =, =e¢*siny =v = j(" siny dy +C(X)

vy =—e' cosy +C(X)

. dC (X)
y ==—¢ Cosy + — = -
! dx '
Comparing
™ _o=c=k
dx

v=—e'cosy +k

flx,y)=e'siny —je“cosy =—je" (cosy + jsiny )+ jk

fx,y)=—je'e’? =—je' /" =—je* + jk
EXAMPLE 8p

Show that u(x , v) = x? - y* is a harmonic function and find its

’

harmonic conjugate v(x,y).
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OLUTION: )
5 u,x(x,}’)'*‘uyy(x’y)__z_zzo’
Hence uisa harmonic function for all z.

rmonic conjug

ate v(x, y) . We use
C.Rp,
:> V' — J-Zw\-(/'}' +Cl (.‘,)

To find the ha
=\ = AR

Iy =V, =2y

- 7 , p
= | 2dv +C,(x )=2y +Cl(“)

.
\
e

(ii1) we get:
Cl'(.\' )= 0= Cl =const.

& aemar 10 (11
mparing (i1)
g

O

- esfore v is 2 harmonic conjugate of u, and the function f;

- -
PR

-
\

f(:)=(-\‘:—y2)+j(2xy)=(x +jy) =z

EXAMPLE 9>
Show thatu(x,y)=xy —-X'y isa harmonic function and finé:

Vs

n2rmonic conjugate v(x,y).

Solution. The first partial derivatives are

e W)= P = 2

o (x,v)=y-3x"y and ux(x,y)= -6xy

o 3 o

o9 =3xy X’ and u,(x,y)= 6xy
-~ "
Since,

Gu(x,¥) T U, (X, y)= - 6xy + 6xy=0

Hence, uvis harmonic. T ’
) nic. To construct Vv, we start with Equatioﬂ (!

V = Ill,‘ ([y i (X)

w, =v, =

-64 .
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. y' 3 4.
"( . LI .‘_\, 2 \' )(I“. 4 ( (\ ) — -l:l.‘ —— _~2 X )v ,}_(/ (,t )
vy = . ’

(i11)
D n‘prcnti:\ting the left and right sides of this equation with respect

« and using Vo= -y, and Equations (i1) on the left side yields
(O N g =7 )

v o==3x y +C(x)==-3xy*+x’

A

. ’ L) N " s . . N

which implies that C’(x)=x", then an easy integration yields
4

x
Cx)= >l +k,
where k is a constant. Now we substitute C (x) and obtain the
Jesired solution
y 4 3 x4

y =2 ——Zx’y?+—+k .
4 2 -

EXERCISE P
Show that u = 2x (3 -y) is harmonic and find its harmonic conju-

gate v. Express the function f(z) = u +j v in terms of z.
Answer:
flz)=jz2+3z+jC #

EXAMPLE 10
Let f(z) = u(r , 0) + j v(r , 0) be an analytic function. If

u=~r’sin36 , then construct the corresponding analytic function

f(z) in terms of z.
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SOLUTION

u=—r'sin30
d u 9 du
v - 3y°sin36 , —_—=33
3, 3res ae 3r C()S:),()
av dv
dv =—dr+—d@
I PRy
Using Cauchy-Riemann equations in the polar form.
du _1dv 1%_ v

ar ro6 ' ra@ ar

1({du du
dv = —7[5§Jdr+ r(—(:)—;)dﬁ

dv = ——1-(—3 r cos39)dr+ r(—3r2 sin 36’)d6

-
- (Sr2 cos39)afr—-(3r3 sin36’)d€
p o= fd( r’ cos3t9) =r’cos36+C

flz)=u+ jv=—r’sin39 + jr’cos36 + JG
= jr’(c0339+jsin39)+jC
=jr3e/30+jC:jZJ+jC

- 06 -
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EXERCISE2 ~— ——__

lar, i€ where singularities occur.
ar, -~

2
pw == -4

Z

2'“ - 7 — 2

z+5
W T4

1

W T —2)(z -3)

| Spw =2 £
! x + jy
| " e
'r 6pw N y 2
| sin 2x
| 7> Ifu = , find f(2).

cosh2y+cos2x

§pIfv = e¢* (xsin y + ysin x), find f(z).

9>If v(r,0) = r* cos 20 — rcos @ + 2 , find f(z).

10> Ify = log(.?c2 + y2)+ x-2y, find f(z).

11>va=10g(r—l]sim9, find f(z).
r

S

,i . rh - Ca.Ch Of the fouN
mine WhHCT wing funct -
gDeter 1 10ms fajls tq be rea
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B Show that the following functions are harmonic ang 4
ter
m

the conjugate functions: I,

1201 =4xy —3x +2
130 1 =2x -2 +3x0°
14P u =cosh .xcos y

ISP =e¢ " (xsin y— ycosx)

Y

2+y

| 16 u=x? =y +5x+y-
F

17 u=x-y' —=2xy-2x—-y-—1.

18P =3x —2xy
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